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Prerequisite

Highschool mathematics. Derivative Boot Camp all-pass (basic + true + extra sessions).

Preface

This Boot Camp on integrals is a bit different from the previous ones. As you have seen (if not, please
go back and review!), calculating derivatives is straightforward; you just need to apply the methods
you’ve learned. However, integration can require complex tricks to find the solution, and sometimes
a clear-cut answer may not exist. Therefore, Sho always uses Mathematica or Wolfram Alpha♯1 for
integral calculations, and you can do so as well.

On rare occasions, you may need to calculate simple integrals by hand. In such cases, if most
people around you can solve them easily, but you cannot, youmight feel embarrassed. This situation
may only arise once in a decade, but people’s perceptions are often shaped by such moments.

Remarks

Most of the integrals here will not be used in Sho’s lectures (General Physics 1 and 2), so you don’t
need to be overly serious about them. However, some faculty members in your department believe
that students should be able to calculate these integrals by hand. This exercise might help you earn
some goodwill from your future supervisors.

Sho never provides youwith solutions because of his principle as a scientist. You students need
to make the solution. To this end,

• Take derivative of the obtained answer to check if the result matches the integrand.
• Share your answers to other colleagues, using LINE or Google Docs♯2. Compare your answers
with theirs.

• Ask questions to colleagues, to the TA, or to Sho. You can utilize Sho’s office hours♯3.

♯1: https://www.wolframalpha.com/

♯2: https://docs.google.com/

♯3: https://www2.nsysu.edu.tw/iwamoto/

Visit https://github.com/misho104/LecturePublic for further information, updates, and to report issues.

This document is licensed under the Creative Commons CC--BY--NC 4.0 International Public License.

You may use this document only if you do in compliance with the license.
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C.1 Very Basic Integrals

Integral is the reverse operation of derivative, so we begin with derivatives.

• (sin 𝑥)′ =

• (cos 𝑥)′ =

• (tan 𝑥)′ =

• (cot 𝑥)′ = −csc2 𝑥

• (csc 𝑥)′ =

• (sec 𝑥)′ =

• (e𝑥)′ = e𝑥

• (ln 𝑥)′ =

• (ln|𝑥|)′ =

• (sinh 𝑥)′ =

• (cosh 𝑥)′ =

• (tanh 𝑥)′ =

• (coth 𝑥)′ = −csch2 𝑥

• (csch 𝑥)′ =

• (sech 𝑥)′ =

★[A] Calculate the above derivatives (on 𝑥). Great attention is required for (ln|𝑥|)′.

Now it is easy for us to solve some integrals:

∫d𝑥 (− csc2 𝑥) = cot 𝑥 + 𝐶, ∫d𝑥 4e𝑥 = 4e𝑥 + 𝐶, ∫ d𝑥
sinh2 𝑥

= −coth 𝑥. (C.1)

∗∗∗[B] Level 0. Here, 𝑟 is a real number.

(1) ∫𝑥2 d𝑥

(2) ∫sin 𝑥 d𝑥

(3) ∫√𝑥d𝑥

(4) ∫d𝑥
𝑥2

(5) ∫𝑥𝑟 d𝑥 (𝑟 ≥ 0)

(6) ∫d𝑥
𝑥𝑟 (𝑟 ≥ 2)

(7) ∫ d𝑥
cos2 𝑥

(8) ∫ d𝑥
cosh2 𝑥

(9) ∫d𝑥

Simple replacements of variables would be easy for you.

∫d𝑥 𝑥3

√𝑥2 − 1
= ∫2𝑡d𝑡

2𝑥
𝑥3
𝑡 = ∫d𝑡 (𝑡2 + 1) = 𝑡3

3 + 𝑡 + 𝐶 = (𝑥2 − 1)3/2
3 + √𝑥2 − 1 + 𝐶,

where 𝑡 = √𝑥2 − 1, 𝑡2 = 𝑥2 − 1, and thus 2𝑥d𝑥 = 2𝑡d𝑡. Instead, we can use 𝑢 = 𝑥2 − 1.

∫d𝑥 𝑥3

√𝑥2 − 1
= ∫d𝑢

2𝑥
𝑥(𝑢 + 1)
√𝑢

= ∫d𝑢 𝑢
1/2 + 𝑢−1/2

2 = 𝑢3/2
3 + 𝑢1/2 + 𝐶 = ⋯

and the same result is obtained, where d𝑢 = 2𝑥d𝑥.

∗∗∗[C] Level 0.5. Try a few ideas of replacement. Some of them will work.

(1) ∫ 𝑥3

√𝑥2 + 1
d𝑥

(2) ∫ 𝑥
√𝑥2 + 1

d𝑥

(3) ∫sin(2𝑥 + 5) d𝑥

(4) ∫e2𝑥+5 d𝑥

(5) ∫sinh 4𝑥 d𝑥

(6) ∫𝑥e𝑥2 d𝑥
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C.2 Must-Know Integrals (1)

You may often need these derivatives when you calculate integrals.

• (tan 𝑥)′ = tan2 𝑥 + 1

• (− cot 𝑥)′ = cot2 𝑥 + 1

• (𝑥 ln 𝑥)′ = ln 𝑥 + 1

• [ln |𝑓(𝑥)|]
′
=
𝑓′(𝑥)
𝑓(𝑥)

The last one is surprisingly useful:

∫d𝑥 cot 𝑥 = ∫d𝑥 cos 𝑥sin 𝑥 = ln | sin 𝑥| + 𝐶, ∫d𝑥 5𝑥4 + 4𝑥3

𝑥5 + 𝑥4 + 1 = ln |𝑥5 + 𝑥4 + 1| + 𝐶.

★[D] Prove all the above. Calculate∫d𝑥 tan2 𝑥 and∫d𝑥 tan 𝑥.

The integrals related to logarithm is a bit tricky. It is better just to memorized

∫d𝑥 1𝑥 = ln |𝑥| + 𝐶 (ln(𝑥) + 𝐶 is insufficient/incorrect). (C.2)

Remark: Consider the function 𝑓(𝑥) = 1/𝑥 and its integral 𝐹(𝑥) = ∫d𝑥
𝑥 . As 𝑓(𝑥) is

defined for 𝑥 ≠ 0, i.e., 𝑥 > 0 and 𝑥 < 0, 𝐹(𝑥) should be obtained for both regions.
Hence 𝐹(𝑥) = ln 𝑥 + 𝐶1, defined only for 𝑥 > 0, is insufficient. We need to consider
𝐹(𝑥) = ln(−𝑥) + 𝐶2, defined for 𝑥 < 0 and satisfies 𝐹′(𝑥) = (−1)/(−𝑥) = 𝑓(𝑥).
Comgining both functions, we should write 𝐹(𝑥) = ln |𝑥| + 𝐶.

Another technique you may often use is partial fraction decomposition:

1
𝑥(𝑥 + 1)

= 1
𝑥 −

1
𝑥 + 1,

1 − 2𝑥
(2𝑥 + 1)2

= 2
(2𝑥 + 1)2

− 1
2𝑥 + 1,

where you need to transform the left-hand side to right-hand side, i.e., decompose a fraction to two
or more fractions whose numerators do not contain 𝑥. Then

∫ d𝑥
𝑥(𝑥 + 1)

= ln |𝑥| − ln |𝑥 + 1| + 𝐶 = ln ||
𝑥

𝑥 + 1
|
| + 𝐶,

∫ 1 − 2𝑥
(2𝑥 + 1)2

d𝑥 = − 1
2𝑥 + 1 −

1
2 ln |2𝑥 + 1| + 𝐶

★[E] Check the above equations. Practice for 𝑥 + 1
(𝑥 + 2)(𝑥 + 3)

and 𝑥
(2𝑥 + 3)(𝑥 + 3)

.

∗∗∗[F] Check the integration by taking the derivative of the result.

Remark: It is worth memorizing the formula 1
𝐴𝐵 = 1

𝐴 − 𝐵 (
1
𝐵 − 1

𝐴).
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★[G] Level 1.

(1) ∫ln𝑥d𝑥

(2) ∫tan𝑥 d𝑥

(3) ∫cot 7𝑥 d𝑥

(4) ∫ln7𝑥 d𝑥

(5) ∫ 1
(𝑥 + 2)(𝑥 + 3)

d𝑥

(6) ∫ 2𝑥 + 5
(𝑥 + 2)(𝑥 + 3)

d𝑥

(7) ∫1/𝑥
ln 𝑥 d𝑥

(8) ∫ 2
𝑥2 − 1 d𝑥

(9) ∫ 2𝑥
𝑥2 − 1 d𝑥

★[H] Calculate∫d𝑥𝑥𝑎, where 𝑎 is a (any) real number.

∗∗∗[I] Level 1.5. [Note: These are the minimal requirement for Sho's General Physics 1 and 2.]

(1) ∫(𝑥 + 1)4 d𝑥

(2) ∫sin(2𝑥 + 1) d𝑥

(3) ∫tan(2𝑥 + 1) d𝑥

(4) ∫ 1
√1 − 𝑥

d𝑥

(5) ∫ 1
(1 − 𝑥)√1 − 𝑥

d𝑥

(6) ∫√1 − 𝑥d𝑥

(7) ∫(√𝑥 + 1) (√𝑥 + 2) d𝑥

(8) ∫e−𝑥 d𝑥

∗∗[J] Level 2.

(1) ∫ 1
𝑥2 − 4𝑥 + 3 d𝑥

(2) ∫cos3 𝑥 d𝑥

(3) ∫2𝑥e𝑥2 d𝑥

(4) ∫ 1
cos2(2𝑥 − 1)

d𝑥

(5) ∫esin𝑥 cos 𝑥 d𝑥

(6) ∫ee𝑥+𝑥 d𝑥
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C.3 Must-Know Integrals (2)

Definite integrals are just an extension of indefinite integrals, but there are two important properties
that you need to understand graphically without math manipulation.

∫
𝑡

𝑠
d𝑥𝑓(𝑥) = −∫

𝑠

𝑡
d𝑥𝑓(𝑥), ∫

𝑡

𝑠
d𝑥𝑓(𝑥) = ∫

𝑡+Δ

𝑠+Δ
d𝑥𝑓(𝑥 − Δ),

The following manipulation looks very tricky but is common, so you should be prepared.

∫
𝑡

𝑠
d𝑥𝑓(𝑥) = ∫

𝑡

𝑠
d(−𝑧) 𝑓(−𝑧) = ∫

−𝑡

−𝑠
(−d𝑧) 𝑓(−𝑧) = −∫

−𝑡

−𝑠
d𝑧 𝑓(−𝑧) = −∫

−𝑡

−𝑠
d𝑥𝑓(−𝑥),

where the last equality is just a replacement of variables.
Combining these facts,

Theorem C.1: Odd and Even functions

∫
𝐴

−𝐴
𝑓(𝑥) d𝑥 = 2∫

𝐴

0
𝑓(𝑥) d𝑥 if 𝑓(𝑥) = 𝑓(−𝑥) (i.e., 𝑓 is an even function), (C.3)

∫
𝐴

−𝐴
𝑓(𝑥) d𝑥 = 0 if 𝑓(𝑥) + 𝑓(−𝑥) = 0 (i.e., 𝑓 is an odd function). (C.4)

∗∗[K] Prove.

One more thing that you need to memorize is the Gaussian integral:

Theorem C.2: Gaussian integral

∫
+∞

−∞
e−𝑥2 d𝑥 = √𝜋, (C.5)

and thus, for 𝑘 > 0, ∫
+∞

−∞
e−𝑘𝑥2 d𝑥 = √

𝜋
𝑘 , ∫

+∞

−∞
exp (−𝑥

2

𝑘 ) d𝑥 =
√𝑘𝜋.

The proof is too technical and skipped, but scientists use this integral at least 100 times per year.

∗∗∗[L] Level 1.5.

(1) ∫
1

−1
𝑥3 d𝑥

(2) ∫
2

−2
𝑥4 d𝑥

(3) ∫
𝜋

−𝜋
sin 𝑥 d𝑥

(4) ∫
𝜋/6

−𝜋/6
cos 𝑥 d𝑥

(5) ∫
2

−2
tanh 𝑥 d𝑥

(6) ∫
2

0
sin(𝑥 − 1) d𝑥

(7) ∫
2

0
cosh(𝑥 − 1) d𝑥

(8) ∫
∞

−∞
e−2𝑥2 d𝑥

(9) ∫
∞

0
e−𝑥2 d𝑥
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C.4 Advanced Techniques

Sho thinks that, for more complicated integrals, we should use computers or online resources. If,
however, you want to solve them by hand, you may practice the following technique:

Theorem C.3: Integration by parts

∫𝑓(𝑥)𝑔′(𝑥) d𝑥 = 𝑓(𝑥)𝑔(𝑥) −∫𝑓′(𝑥)𝑔(𝑥) d𝑥, (C.6)

In particular,∫d𝑥𝑓(𝑥) = 𝑓(𝑥)𝑥 −∫d𝑥𝑥𝑓′(𝑥) is useful if 𝑥𝑓′(𝑥) becomes simpler than 𝑓(𝑥).

Furthermore, the following hints could be useful.

• If 1
𝑥2 + 𝑎2 appears, try 𝑥 = 𝑎 tan 𝜃.

• If 1
𝑥2 − 𝑎2 appears, try 𝑥 = 𝑎 sinh 𝜃.

• If √𝑥2 − 𝑎2 appears, try 𝑥 = 𝑎 sin 𝜃.

• If √𝑥2 + 𝑎2 appears, try 𝑥 = 𝑎 sinh 𝜃.

• If (only) trigonometric functions (sin 𝑥 etc.) appear and you are lost, try 𝑥 = 2 arctan 𝑡, i.e.,
tan(𝑥/2) = 𝑡.

• King property: ∫
𝑏

𝑎
d𝑥𝑓(𝑥) = ∫

𝑏

𝑎
d𝑥𝑓(𝑎 + 𝑏 − 𝑥).

There are many well-prepared problems on integrals on the internet. If you are interested in, try

• 積分 100 題 on CHHS mathematics

which seems to contain many nice problems.

https://sites.google.com/view/chhs-math/%E4%B8%8D%E5%AE%9A%E7%A7%AF%E5%88%86/%E7%A7%AF%E5%88%86%E7%BB%83%E4%B9%A0/%E7%A7%AF%E5%88%86100
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